The problem considered is to reconstruct a vector eld in the case when for each line the distribution of the vector eld components along the line is known. Such data are obtained from spectral analysis of signals, a ected by Doppler shifts, caused by re ections on moving particles (\velocity spectra"). In the general setting, the problem is unsolved. Using only integrated data along lines, one encounters the same problem as when reconstructing vector elds by means of time-of-ight measurements. Reconstruction formulas are given in this case, establishing the known fact that only the curl of the vector eld can be reconstructed without additional information. Inspired by the application to which the paper is most devoted, ultrasound Doppler measurements on blood ows, the case where the ow takes place in narrow channels is investigated in simulations and experiments.
Introduction
Computerised tomography usually deals with the problem of recovering a scalar function, often with the physical meaning of a density, when knowing the values of (a set of) its line integrals. Under very general conditions this is possible, by inversion formulas for the Radon transform. A number of numerical techniques exist, playing important roles e.g. in medical diagnostics. Motivated by the physics of the Doppler e ect, in this paper we consider analogous problems for vector elds. In the most general formulation, for a given vector eld u on a bounded region of the plane, for every line L it is assumed that the \velocity spectrum" of the projections of u on L is known. No pointwise information on L about the velocity is thus available. The problem setting is motivated by the fact that this kind of data is obtained from spectral analysis of signals received after re ections on moving particles, according to the Doppler frequency shift law. While for the scalar Radon transform the state at a certain point in the body contributes equally to all beams going through it, the situation for vector elds is more complicated, since the contribution depends also on the direction of the beam. This nonlinear inverse problem seems not to have been considered earlier, and no reconstruction algorithm is known. It will be further discussed in Section 2.4. Before that, in Section 2.3, we consider a simpler, linear, problem, where only parts of the data are used. This leads to the problem of recovering a vector eld u when knowing the line integrals This integral is a natural generalisation of the classical Radon transform to vector elds. In this case it is known that a complete reconstruction is not possible, without knowing the divergence of the vector eld, cf. e.g. 1], 7], 14], 5], 6]. In Section 2.3, we summarise what can be said especially in the planar situation. Even if full reconstruction of the vector eld is not possible, when lacking knowledge about the divergence, in speci c applications other kinds of information may be available, e.g. that the ow is bound to \channels". This causes particular patterns to appear in an image illustrating the reconstructed curl. In Section 3.2 the results of some simulations and experiments along this line are shown. References to vector eld tomography are rather rare in the literature, and are mostly found in connection with some speci c application. Besides the ones referred to above can also be mentioned 13], 9], 2], 11]. Two more general treatises on integral geometry, with implications to vector elds, are 8] (reconstruction from families of curves), and 10] (reconstruction of tensor elds). Our interest in the problem originates from a particular application, ultrasound Doppler measurements on blood ows in human bodies, where the authors collaborate on the development of new measurements and computational techniques. This and other applications are discussed in Section 3.
Doppler transforms 2.1 Modeling
First some physics. To motivate the problem formulation and the de nitions below, we consider a uid moving in a bounded body. At two adjacent points outside the body there is a transmitter and a receiver of e.g. ultrasonic waves. From the physics of the Doppler e ect it is known that when a traveling wave of frequency ! 0 and velocity c meets a moving particle or surface, having the proper physical characteristics, part of the wave is re ected. If the particle has velocity in the direction reverse to the incoming wave, then the frequency of the re ected wave is increased by 
This is an essential assumption below.
To proceed it is necessary to introduce some notation. is transmitted along ?L, then, by (1), the signal received after a re ection on a particle of velocity is (t) = e i(! 0 +k )t . In the presence of a stream of particles of di erent velocities along L, superposition yields a re ected signal built up by di erent frequencies,
(integration with respect to ). dS is a positive Radon measure, characterised by
(In loose terms dS(u; L; ) may be thought of as \the number of particles" with a particular velocity along L.) In particular, if u = 0 on an interval I L, then dS contains a Dirac measure of magnitude meas (I) at the origin. On the contrary, outside the medium is supposed non-re ecting, and gives no contribution to . Also note that we have silently neglected phase di erences caused by di erences in depth of the particles, which makes dS a real measure. The Radon measure may also be characterised by the non-decreasing function S(u; L; ) = measfz 2 L j e L u(z) < g ; (4) where thus S(u; L; ?1) = 0 and S(u; L; 1) = meas (L \ ). Note that by the discussion above holds S(0; L; ) = meas (L \ ) h( ), where h is the Heaviside unit step function (i.e. h( ) = 0 for < 0, h( ) = 1 for > 0). Whenever possible, we omit one or a few of the arguments, writing e.g. S(u; L) and S(u). We also write dS(u; L; ) = S 0 (u; L; )d , where S 0 (u; L; ) contains Dirac measures at the discontinuity points of S. Note that the velocities at particular points are not known, and that S 0 merely is a rearrangement of the velocity distribution along L. As an important issue from the computational point of view, note that (2) can be written
Hence S 0 (u; L) is obtained by a rescaling of the Fourier transformation of around ! 0 .
The Doppler spectral transform and the DopplerRadon transform
The discussion above leads to the following de nition.
De nition 1 By the Doppler Spectral Transform (DST) is meant the trans-
where dS is the non-negative Radon measure de ned by (3). For xed u and L, S 0 (u; L; ) is called the velocity spectrum of u along L.
As follows from the discussion above, DST is non-linear, containing combinatorical ingredients. Using only part of its information, it is possible to derive a simpler, linear, transformation. In fact, integrating in a standard fashion over level curves according to ( De nition 2 By the Doppler-Radon transform (DRT) is meant the trans-
A natural question is to what extent u can be recovered from DST and DRT. In the latter case, a complete answer is given in Theorem 1 below. In the former case, only some remarks will be given in Section 2.4.
Inversion of the Doppler-Radon transform
To formulate the next theorem, some more notation is needed. Thus, for a given oriented line L, let L s be obtained by translation of L by sn, where n is a unit normal vector of L. It will also be convenient on places to represent the vector eld u = (u 1 ; u 2 ) on E by the complex function u = u 1 ? u 2 on C . Here the integrand in the last integral is recognised as curl ? u. Dividing by s and letting s ! 0, we obtain the formula (6). (Here curl w stands for the component of curl w in the positive normal direction to E.) Since curl w = 0, the numerator of the second integral in (7) equals div w . Let ' be the potential function from (ii), so that grad ' = w , ' = div w . Then w is parallel to the normal n @ at every point of the boundary, since @ is a level curve of '. Moreover w is orthogonal to @ , since by assumption w has a vanishing normal component across @ . Hence w = 0 on @ , which makes the rst term vanish in (7). This proves (iii).
Remark. By means of Theorem 1 it is also possible to treat three-dimensional vector elds in bounded regions. Thus, by applying (5) to three orthogonal families of parallel planes, it is possible to determine all the three components of the curl. By a classical decomposition formula of Helmholtz for vectorelds, the analogue of (ii) holds in three dimensions. In the common situation of source-free vector elds, this makes it possible to reconstruct the vector eld from its Doppler-Radon transform and its boundary data by solving an elliptic boundary value problem, cf. 5], 7]. 2 
Comments on the Doppler spectral transform
As has been shown above, the Doppler-Radon transform doesn't provide enough data to determine the vector eld u uniquely. On the other hand, by (5) it is possible to extract from DRT the information it contains in a rather explicit way. For the non-linear Doppler spectral transform, the situation is far more complicated, and there seems to be little hope for the existence of an explicit inversion formula. We have not even been able to characterise to what extent DST is injective. Although it seems that S(u; L) = S(v; L) for all L is a tight constraint, there are simple examples of non-identical u and v , having the same velocity spectra. For instance, any radial and rotationally symmetric vector eld u provide an example, since S(u) = S(?u). Generally, the same is true whenever u has the property that S 0 (u; L; ) is an even function of for every L. However, we conjecture that this is the only case where ambiguity may appear, in the case of compactly supported vector elds. In order to compare the Doppler spectral transforms of u and v, one natural norm is jj(S(u; L) ? S(v; L)jj L 1 , weighted in some way over L 2 G . A quantitative result in this direction is given in Theorem 2, relating such a norm on the spectra to the vector eld itself.
To formulate the theorem, a parametrisation of G is needed. For the present purposes, it su ces to consider lines outside the origin. Such a line can be labeled by the footpoint = +i of its normal through the origin. Provided with the orientation (? ; ), it will be denoted L . 
THEOREM 2 For the
Another integration, over the G-plane, gives
On the right hand side we thus rst integrate over L \ , for xed , and then integrate over C with respect to . By changes of variables, the same can be achieved by rst integrating over the circle C z , for xed z, followed by an integration with respect to z. The rst of the equalities in (13) independently of (z; u). Inserting this in (13), we obtain (8).
Remark. If the vector eld v 6 = 0 in (9), then the equality sign in (10) has to be replaced by an inequality . Continuing in the same way as in the proof above, it follows that
Another use of (11) The modeling in this case leads to the integral transform that in this paper is called the Doppler-Radon transform. Here we will give some more background to the problem that has initiated the present study, where the ultrasound Doppler e ect plays a crucial role.
As is well known, during the 1980's measurements based on ultrasound have experienced a clinical breakthrough. Such methods are now in common use for e.g. cardiology and obstetrics, while in mammography they seem to give a too limited spatial resolution. The idea is to improve this, by using the ultrasound Doppler e ect. In this way information can be gained regarding movements, e.g. blood ow through tissue structures. Since it is known, cf. 12], that the blood ow in tumours very often is changed, both qualitatively and quantitatively, Doppler measurements should o er a further possibility to study breast cancer. However, measurements of these low blood ow rates (perfusion), have to be done in a range where present ultrasound equipments are insu cient. In principle, two di erent methods can be used for these measurements: continuous Doppler (CW) and pulsed Doppler (PW). Using CW-Doppler, dopplershift is obtained from all structures along the ultrasound beam, while for PW-Doppler only one sample volumes along the beam a ects the measurements. In clinical practice, CW-Doppler would be preferable, with measurements being made from many di erent directions through the tissue. Particular obstacles to consider are the variations of the Doppler signal with time and scanning direction. In the experimental part of this study, CWDoppler techniques for the measurements of low blood ow rates are under development, based on methods developed under the direction of the late professor Hellmuth Hertz, cf. e.g. 3]. In Figure 3 below is shown an early reconstruction results from data, measured by such techniques, cf. also 4].
Simulations and experiments Simulations
By Theorem 1, a full reconstruction of a vector eld from its DRT is not possible, without knowing its divergence and boundary values. (More information is contained in DST, but so far we have no methods to use it.) In the case of three-dimensional divergence free vector elds, one way to proceed was indicated in the remark after Theorem 1, leading to 3D boundary value problems, with heavy computational claims. Staying in two dimensions, to reconstruct the eld in a slice, by (6) one needs to know the divergence, i.e. the ow into and out from each point of the slice. Such information is not available in general. However, by invoking apriori information about the ow, more can be said. In the blood-ow application mentioned above, one can use the fact that to a large extent ow appears in vessels, giving rise to \channels" in two dimensions, cf. also 5]. In the case of parabolic velocity pro les across the channel, appearing e.g. for laminar ows in long channels, the curl is illustrated by Figure 1 . For this kind of ows, one thus can expect \N-shaped" regions in the grey-level landscape illustrating the magnitude of the curl. In a grey level image of the curl, this corresponds to patterns of adjacent, parallel, dark and light stripes.
Simulations have been performed with computer generated ows in channels of di erent shapes. The DRT has been computed, and the derivatives in (5) have been estimated by means of di erence quotients of neighbouring lines. Inversion of the scalar Radon transform has been performed by a ltered back-projection algorithm, based on the fan-beam geometry. Some results are shown in Figure 2 , where the black and white patterns are quite clear. The upper right picture shows a 3D-plot of the computed curl in the channel, depicting the N-shape. In the upper left picture, the same is illustrated by means of greylevels. In these simulations, 45 equally spaced sources on a circle were used, and from each of them line integrals for 130 angles were computed.
Experiments
Recently, a measurement system has been set up at the Department of Electrical Measurements in Lund. One purpose is to investigate the claims put by the computational algorithms on the measuring devices, and conversely. As has been said, the low ow rates that are of interest make measure- ments di cult, and it is not apparent that they will provide data of enough quality to enable an acceptable reconstruction. One of the rst reconstructions based on measured data is shown in Figure 3 , for a ow within a circular tube, depicting that it is worthwhile to continue. The system consists of a water tank with a ow phantom, an ultrasound transducer attached to a stepping motor system, reference oscillator, a spectrum analyzer and a personal computer to control the measurement procedure. The ultrasound transducer can by means of the stepping motor system, be positioned at an arbitrary point in the water bath. The measurements are to be performed in a plane at points encircling a region with ow activity. From each of these points, the transducer can be rotated 180 degrees in an arbitrary number of steps around the axis perpendicular to the measurement plane, thus covering the ow region from each point. From each measurement position a Doppler spectrum is obtained which is detected by the spectrum analyzer and transferred to the computer. An example of a measured velocity spectrum is shown in the right part of Figure 3 . The thickness of the tube is about 1 cm, which is also the magnitude of the thickness of the ultrasound beam in the region close to the transmitter. The left picture of Figure 3 shows the reconstructed curl in the case of a ow inside a circular annulus. Here measurements have been made from 45 equally spaced positions of the transmitter/receiver around the region of interest. From each of these positions 45 measurements have been made for equally spaced angles covering the region. 
